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1. Introduction
J.Kurzweil and J. Jarník [2] introduced the PU integral based on partition of
unity. Kurzweil and others studied this integral in an effort to establish strong the-
orems of Gauss-Green-Stokes type [3], [4]. The PU integral lies somewhere between
the Lebesgue integral and Kurzweil-Henstock integral, it is more general then the
Lebesgue integral and the class of PU integrable functions is a proper subset of KH
integrable functions. In Kurzweil’s treatment the functions forming partitions of
unity are subject to some differentiability conditions in order to achieve the desired
goal. In this note we show that if the functions are merely continuous the resulting
integral is the Lebesgue integral.
2. Basic definitions
Let us recall some definitions. A set of couples
D ≡ {(xi, [ti−1, ti]) ; i = 1, 2, . . . , n}
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constitutes a tagged division of a compact interval [a, b] if xi ∈ [a, b],
n⋃
i=1
[ti−1, ti] = [a, b]
and the intervals [ti−1, ti] do not overlap. We shall abbreviate the Riemann sums as
n∑
i=1
f(xi)(ti − ti−1) =
∑
D
f.
If δ : [a, b] 7→ (0,∞) then a tagged division D is, by definition, δ-fine if
[ti−1, ti] ⊂ (xi − δ(xi), xi + δ(xi))
for i = 1, 2, . . . , n.
A function f : [a, b] 7→   is said to be McShane integrable and I is the McShane
integral of f , if for every positive ε there exists a positive function δ such that for
every δ-fine tagged division D of [a, b]∣∣∣∣ ∑
D
f − I
∣∣∣∣ < ε.
We denote the McShane integral by the symbol Mc
∫ b
a
f . It is well known [1], [5] that
f is McShane integrable if and only if it is Lebesgue integrable.
A set of couples
Φ ≡ {(ξi, ϕi) ; i = 1, 2, . . . , n}
constitutes a tagged partition of unity of a compact interval [a, b] if ξi ∈ [a, b] and
{ϕi ; i = 1, 2, . . . , n} form a partition of unity on [a, b]. That is, the functions ϕi
have compact support and
n∑
1
ϕi = 1 on [a, b]. We assume throughout the paper that
the functions ϕi are continuous in
 
. Similarly as with the tagged division we shall
abbreviate the following sums as
n∑
i=1
f(ξi)
∫ ∞
−∞
ϕi =
∑
Φ
f.
If δ : [a, b] 7→ (0,∞) then a tagged partition of unity is, by definition, δ-fine if
suppϕi ⊂ (ξi − δ(ξi), ξi + δ(ξi))
for i = 1, 2, . . . , n.
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A function f : [a, b] 7→   is said to be PU integrable and J is the PU integral of
f , if for every postive ε there exists a positive function δ such that for every δ-fine
tagged partition of unity Φ ∣∣∣∣∑
Φ
f − J
∣∣∣∣ < ε.
We denote the PU integral as PU
∫ b
a
f .
3. The theorem
Theorem 1. A function f is PU integrable if and only if it is McShane integrable.

. Let f be PU integrable and let δpu correspond to δ from the definition
of the PU integral. Let D ≡ {(xi, [ti−1, ti]), i = 1, 2, . . . , n} be a δpu-fine tagged
division of [a, b]. There is a positive h such that for all [ti−1, ti] of D the interval
[ti−1 − h, ti + h] is δpu-fine. Let
ϕi(x) =

0 for x < ti−1 − h,
x− ti−1 + h
2h
for ti−1 − h 6 x 6 ti−1 + h,
1 for ti−1 + h < x < ti − h,
ti + h− x
2h
for ti − h 6 x 6 ti + h,
0 for ti + h < x.
The function ϕi has been defined in such a way that∫ ∞
−∞
ϕi = ti − ti−1
and consequently ∑
D
f(xi)(ti − ti−1) =
∑
Φ
f.
This proves that a PU integrable f is McShane integrable, and the integrals agree.
Let now f be McShane integrable and let δM correspond to δ from the definition
of the McShane integral. Let Φ ≡ {(ξi, ϕi) ; i = 1, 2, . . . , n} be a δM-fine tagged
partition of unity. The support of the function ϕi is contained in a smallest compact
interval, say [uϕi , vϕi ]. These intervals define a division
t0 < t1 < . . . < tn
13
of [a, b] in the sense that between two consecutive points of this division there is no
uϕi or vϕi . Let i1, i2, . . . , ir be the indices for which
(suppϕij ) ∩ [ti, ti+1] 6= ∅.
For some ξij the value of f is maximal, denote this ξij by xi. The tagged division
({(xi, [ti−1, ti]) ; i = 1, 2 . . . , n} is δM-fine. It follows that
∑
Φ
f 6
n∑
i=1
f(xi)(ti − ti−1) 6 Mc
∫ b
a
f + ε.
The inequality ∑
Φ
f(x)
∫
ϕi >Mc
∫ b
a
f − ε,
can be proved similarly. 
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